Three-manifolds can be obtained through surgery of framed links in S 3 . We study the meaning of surgery procedures in the context of topological strings. We obtain U (N ) three-manifold invariants from U (N ) framed link invariants in Chern-Simons theory on S 3 . These three-manifold invariants are proportional to the trivial connection contribution to the Chern-Simons partition function on the respective three-manifolds. Using the topological string duality conjecture, we show that the large N expansion of U (N ) Chern-Simons free energies on three-manifolds, obtained from some class of framed links, have a closed string expansion. These expansions resemble the closed string A-model partition functions on Calabi-Yau manifolds with one Kahler parameter. We also determine Gopakumar-Vafa integer coefficients and GromovWitten rational coefficients corresponding to Chern-Simons free energies on some three-manifolds.
Introduction
After the second superstring revolution, several useful relations have been discovered unifying various ideas of physics and mathematics. One such surprising discovery in the recent past has been the new connections between Chern Simons gauge theory and the physics of closed topological string theory in certain backgrounds.
The initial steps in this direction was taken by Gopakumar and Vafa in [1] , [2] , [3] . The conjecture put forward by these authors relate large N Chern-Simons gauge theory on S 3 to the A-type closed topological string theory on the resolved conifold. This conjecture was then tested at the level of the observables of the Chern Simons theory, namely the knot invariants. In [4] , Ooguri and Vafa formulated the conjecture in terms of invariants for the unknot (a circle in S 3 ), and further checks were carried out for more nontrivial knots in [5] , [6] , [7] , [8] .
The evaluation of knot invariants in [4] actually led to very strong integrality predictions for the (instanton generated) A-model disc amplitudes, which were then verified from the more tractable mirror B-model side by several authors [9] , [10] , [11] , [12] .
Purely from gauge theory considerations, following the idea of 't Hooft [13] , it looks to be a challenging problems to prove that the Feynmann perturbative expansion of any U(N) gauge theory in the large N limit is equivalent to a closed string theory. It is believed that the Gopakumar-Vafa duality conjecture can provide insight in determining the 't Hooft expansion of U(N) Chern-Simons free energy on any three-manifold M.
As we have already mentioned, the Gopakumar-Vafa duality conjecture states that U(N) Chern-Simons theory on S 3 , which describes the topological A-model of N D-branes on X = T * S 3 , is dual to topological closed string theory on X t = O(−1) ⊕ O(−1) → P 1 . Having verified the conjecture at the level of Chern-Simons partition function on S 3 and Wilson loop observables (the knot invariants), we need to understand the meaning of surgery of framed links in S 3 within the context of topological strings, and this is one of the issues we set out to address in this paper.
From the fundamental theorem of Lickorish and Wallace [14] , it is well known that any three-manifold M can be obtained by surgery on a framed link in S 3 .
Further, two framed links related by a set of moves called Kirby moves determine the same manifold. In Chern-Simons theory, an algebraic expression has been derived [15] , in terms of framed link invariants, which are unchanged under Kirby moves of the framed links. Hence the algebraic expression represents three-manifold invariants which are proportional to the trivial connection contribution to the Chern-Simons partition function on the three-manifold M (Z (tr) [M]) [16] . Incorporating the results of the topological string duality conjecture, we determine large N expansion for lnZ (tr) [M] for many manifolds. Surprisingly, the expansion looks like a A-model closed string partition function on a Calabi-Yau space with one Kahler parameter. From the closed string expansion, we can derive Gopakumar-Vafa invariants and Gromov-Witten invariants. The non-compact Calabi-Yau target space background Y for such closed string amplitudes needs to be explored from Gromov-Witten invariants. This will lead to new dualities between Chern-Simons theories on threemanifolds M, which is equivalent to A-twisted open topological string theory on T * M [17] , to closed string theory on Calabi-Yau backgrounds Y .
The organisation of the paper is as follows. In section 2, we briefly recapitulate the framed link invariants in U(N) Chern-Simons theory, and present the U(N) three-manifold invariants obtained from framed link invariants in S 3 . In section 3,
we show the relation between the three-manifold invariants and the observables in topological string theory. Further, we obtain closed string invariants for the ChernSimons free energies. Section 4 contains some explicit results on the Gopakumar Vafa coefficients corresponding to the large N expansion of the Chern-Simons free energy on some manifolds. Section 5 ends with some discussions and scope for future research. In an appendix, we present some results on the integer invariants for the unknot with arbitrary framing, which are useful for the computation of the Gopakumar Vafa coefficients.
U (N ) Chern-Simons Gauge theory
Chern-Simons gauge theory on a three-manifold M based on the gauge group U(N) is a factored Chern-Simons theory of two gauge groups, SU(N) and U(1). That is, the action is simply a sum of two Chern-Simons actions, one for gauge group SU(N) and the other for U(1), each with an independent coupling constant (k, k 1 )
where A is a gauge connection for gauge group SU(N) and B is the connection for
2)
The classical solutions of the Chern-Simons action are flat connections on M. In the weak coupling limit (large k, k 1 ), such an integral is given by a sum of contributions from the stationary points
where Z 
will involve a perturbative expansion around non-trivial connections. It is believed that the Feynmann perturbative expansion around any stationary point should have a closed string theory interpretation [13] which is the central theme of the subject matter addressed in later sections.
We shall now briefly present the Wilson loop observables in the theory. The U(N) Wilson loop operators for a r-component link L made up of component knots K i 's are simply factored Wilson operators of the U(1) and SU(N) theories
where
P exp K i B denotes the holonomy of the U(1) gauge field B around the component knot K i carrying U(1) charge n i . The expectation value of these Wilson loop operators are the U(N) link invariants which are products of SU(N) and U(1) invariants
The observables in U(1) Chern-Simons theory on a three-sphere S 3 capture only selflinking numbers (also called framing numbers) and the linking numbers between the component knots of any link. Hence, the U(1) link invariant will be We shall now present the polynomials for various framed knots and links. For the unknot U with an arbitrary framing p, carrying a representation R of SU(N), the polynomial is
where q = exp , ℓ refers to the total number of boxes in the Young-Tableau of the representation R and 8) with l i being the number of boxes in the i-th row of the Young-Tableau of the representation R. One can verify that both the quantum dimension of a representation, dim q R and κ R are polynomials in variables λ . In order to make the polynomials independent of the variable e z , we can multiply by U(1) invariant (2.6) with a specific choice of U(1) charge n and coupling constant
Therefore the U(N) invariant for the p-framed unknot in S 3 with the above choice of U(1) representation and coupling constant is
Now, we can write the U(N) framed knot invariants for torus knots of the type (2, 2m + 1) and other non-torus knots like 4 1 , 6 1 in S 3 . For example, the U(N) invariant for a framed torus knot of type K ≡ (2, 2m + 1) with framing p − (2m + 1) will be
where ǫ s = ±1 depending upon whether the representation R s appears symmetricially or antisymmetrically with respect to the tensor product R ⊗ R in the SU(N) k Wess-Zumino Witten model. Similarly, U(N) invariants for framed torus links of the type (2, 2m) can also be written. For example, the U(N) invariant for a Hopf link with linking number −1 and framing numbers p 1 and p 2 on the component knots carrying representions R 1 and R 2 will be
12) where ℓ 1 and ℓ 2 refers to total number of boxes in the Young-Tableau of the representations R 1 and R 2 respectively. From now on, we shall denote
supressing the U(1) charges as they are related to the total number of boxes in the Young-Tableau of the representations R i 's (2.9). Using the framed SU(N) invariants for arbitrary framed links in S 3 [15] , it is straightforward to obtain the corresponding U(N) link invariants. We will now see how these U(N) framed invariants in S 3 with such special U(1) representation reflects on three-manifold invariants.
U (N ) Three-Manifold Invariants
The Lickorish-Wallace theorem states that any three-manifold M can be obtained by a surgery of framed knots and links in S 3 . Two framed links related by Kirby moves will determine the same three-manifold. In other words, three-manifold invariants must be constructed from framed link invariants in such a way that they are preserved under Kirby moves. The SU(N) three-manifold invariant F [M] for a manifold M obtained by surgery of a framed link in S 3 will be [15]
where {p i }, {ℓk ij } are the framing and linking numbers and σ(L) is the signature of the linking matrix of framed link L. It has been proven [15] that F [M] is unchanged under the operation of Kirby moves on framed links if we choose
where c =
and S 0R i 's denotes the modular transformation matrix elements. We see that µ R 1 ,R 2 ...Rn is independent of framing and linking numbers. We can now construct U(N) three-manifold invariants from the U(N) framed link invariants in S 3 as follows
where β andμ must be chosen such thatF [M] is unchanged under Kirby moves on framed links. Further, for obtaining three-manifolds from knots and disjoint links with zero framing and linking numbers, we requirẽ
The special choice of the U(1) representation and the above limiting conditions suggests that framed link invariants in S 3 with the Witten-Reshetikhin-Turaev invariant [16] , we deduce that 19) in the weak coupling limit, where
is the partition function obtained from a perturbative expansion around the trivial connection. The partition function on S 3 , which is also the Feynmann perturbation around the trivial connection, is equal to
Let us introduce a slight modification in notation which will be useful when we relate these three-manifold invariants with expectation values of topological operators in topological string theory
The U(N) (or equivalently SU(N)) three-manifold invariants can be rewritten as
where Z 0 [M]/S 00 is independent of z, {p i }, {ℓk ij } and is given by 
In the next section, we will show the natural appearance of Z 0 [M] in the context of topological strings.
Topological Strings
Gopakumar and Vafa have conjectured that closed topological string theory on a resolved conifold is dual to large N Chern-Simons gauge theory on S 3 . The conjecture has been verified by comparing the large N expansion of the free-energy of the Chern-Simons theory on S 3 with the closed topological string amplitude near the resolved conifold. This duality relates the Chern-Simons field theory variables q and λ with the string theory parameters The large N expansion is performed by taking the limits
In this limit, the variable z = g s /N can be set to zero. This suggests that the z independent part of the three-manifold invariant, namely, Z 0 [M]/S 00 can be compared with quantities on the topological string side. Ooguri and Vafa found another piece of evidence for this duality conjecture by showing that the Wilson loop operators in Chern-Simons theory correspond to certain observables in the topological string theory. The operators in the open topological string theory which contains information about links is given by [4] 
where U α is the holonomy of the gauge connection A around the component knot K α carrying the fundamental representation in the U(N) Chern-Simons theory on S 3 , and V α is the holonomy of a gauge fieldÃ around the same component knot carrying the fundamental representation in the U(M) Chern-Simons theory on a Lagrangian three-cycle which intersects S 3 along the curve K α .
We can use some group theoretic properties to show that the expectation value of the operator (3.4) exactly matches Z 0 [M]/S 00 provided we choose the rank of the two Chern-Simons gauge groups to be same (N = M). If we expand the exponential in eqn. (3.4), we will get
and the sum is over all the vectors
Using the group theoretic properties
where χ Rα (C( k (α) ))'s are characters of the symmetry group S ℓα with ℓ α = j jk (α) j and C( k (α) ) are the conjugacy classes associated to
cycles of length j), one can show that the eqn. (3.5) becomes
(3.9)
Ooguri and Vafa have conjectured a specific form for the vaccum expectation value (vev) of the topological operators (3.4) for knots [4] invoking the large N topological string duality. This result was further refined for links [7, 19] which is generalisable for framed links as follows
where the suffix A on the vev implies that the expectation value is obtained by integrating the U(N) gauge fields A's on S 3 , and ℓ α is the total number of boxes in Tr Rα (U α ) = (−1)
This is justified since the holonomy V α on the Lagrangian three-cycle C, under change of framing becomesṼ α = (−1) pα V α , which is equivalent to
If we also integrate theÃ fields in the Chern-Simons field theory on the Lagrangian three-cycle then vev of the topological operator (3.9) is
where we need to determine the expectation value of the Wilson loop operators on the Lagrangian three-cycle C with Bbetti number b 1 = r which are non-compact. For these non-compact Lagrangian three-cycles, it appears to be possible to deform knots and links into unknot and disjoint collection of unknots respectively. Therefore, it is convincing to assume 
Also, from eqn.(3.10), we get A gauge fields in the topological string theory. It will be interesting to see whether the Chern-Simons free energy (lnZ 0 [M]) can be shown to be equal to the closed string partition function in these cases. We will see later that the Chern-Simons free energy in fact resembles the A-model partition function. Before proceeding to the large N expansion of the free energy, we briefly recapitulate some salient features of the A-model topological string partition function on Calabi-Yau manifolds.
The A-model Topological String Partition Function
The A-model topological partition function on a Calabi-Yau manifold X with some number of Kahler parameters denoted by t i 's is defined aŝ are the closed string Gromov-Witten invariants associated to genus g curves in the homology class β. In Ref. [3] , a strong structure result has been derived from Mtheory for the topological string partition function
where n r,{m i } are integers usually referred to as Gopakumar-Vafa invariants. Clearly, the genus g Gromov-Witten invariants N g {β i } will involve the set of Gopakumar-Vafa invariants n r≤g,{m i }≤{β i } .
We would like to derive a large N closed string expansion for the Chern-Simons free energy lnZ 0 [M] on any three manifold M (3.18) and show that it has the structure (3.21). It is not a priori clear whether the Chern-Simons free energy on any M will have a closed string interpretation. Interestingly, using the duality connection between Chern-Simons theory on S 3 and topological strings and some properties of group theory, we will show that the free energy (3.18) does have the form (3.21) for a subset of knots and links. We can write the RHS of the eqn. (3.18) as follows
where f k (1) ,... k (r) is the character transform of f R 1 ,...Rr whose form has been derived in ref. [7] , namely,
N (R 1 ,...Rr),g,Q are integers which compute the net number of BPS domain walls of charge Q and spin g transforming in the representation R α of U(M) in the topological string theory. AsṼ α 's corresponds to disjoint unknots with appropriate sign corresponding to the framing numbers, we can write
(3.25)
Incorporating the above results in eqn.(3.18), we get
The RHS of the above equation has the structure of the free energy for a closed string (3.21) provided we can prove that the expression within parenthesis satisfies
(3.27) Identifying, λ = exp(t), we see that the above relation will be true for Calabi-Yau spaces with one Kahler parameter after performing appropriate analytic continuation of the variable λ → λ −1 [4] . We should be able to extract the integer invariants (the Gopakumar-Vafa invariants) from the open string invariants n ( k (1) ,... k (r) ),g,Q . Using the results obtained in Ref. [7] , one can show that
where S Rα (λ) is zero if R α is not a hook representation and if R α is a hook representation with ℓ α boxes with ℓ α − s α boxes in the first row (and we denote the representation as R ℓα,sα ) then we have
Using the properties(3.24),(3.28) in eqn.(3.26) we get 
Determination of theN 's from framed link invariants
The general formula for f (3.10) in terms of framed link invariants (2.21) can be written as [19] 
where k 1 is in the d-the entry, k 2 in the 2d-th entry, and so on. Hence, one can directly evaluate f from U(N) framed link invariants (2.21) and verify that the conjecture (3.10). Using the following equations
we can write eqn.(3.31) as
′′ α are representations of the symmetric group S ℓα which can be labelled by a Young-Tableau with a total of ℓ α boxes and C RR ′ R ′′ are the ClebschGordan coefficients of the symmetric group. In the next section, we will evaluateN for few framed knots, links and the computation of Gopakumar-Vafa invariants and Gromov-Witten invariants.
Examples and explicit Results
Our aim in this section is to compute the Gopakumar-Vafa invariants and GromovWitten invariants corresponding to the Chern-Simons free energy on three manifolds obtained from sugery of the respective framed links in S 3 .
Knots in standard framing
In standard framing, there is no distinction between U(N) and SU(N) knot invariants. Therefore for this class of knots with zero framing number, the trivial connection contribution to the Chern-Simons partition function will be 
We will now compute the integer coefficients n g,m for few examples.
Unknot
The surgery of this simplest knot gives manifold S 2 × S 1 whose Chern-Simons par-
The non-zeroN's for the simplest unknot is [4] N ,0,Q=±1/2 = ∓1 . 
Clearly, the large N expansion of Chern-Simons free-energy on S 3 gives Gopakumar-
Using the integer invariants, we can evaluate the Gromov-Witten invariants
These invariants in the closed topological string partition function imply that the target Calabi-Yau space is a resolved conifold.
Torus knots of type (2, 2m+1)
The knots obtained as a closure of two-strand braid with 2m + 1 crossings are the type (2, 2m + 1) torus knots. The surgery of these torus knots in S 3 will give Seifert homology spheres X(
). It will be interesting to determine the Gopakumar-Vafa integer invariants and the closed Gromov-Witten invariants corresponding to large N expansion of Chern-Simons free-energy on such Seifert manifolds.
(i) TheN R,g,Q corresponding to the torus knot (2,5) for represenations upto three boxes are tabulated below The surgery of the torus knot (2, 5) gives the Seifert manifold M 1 ≡ X( 
m g=0 g=1 g=2 g=3 g=4 g=5 g=6 g=7 g=8 g=9 g=10 g ≥ 11 (ii) TheN R,g,Q computation of the torus knot (2, 7) will be ). We present few of them in terms ofN R,g,Q
From these integer invariants, it is straightforward to obtain Gromov-Witten rational numbers. It appears from the computation ofN R,g,Q 's for the two torus knots that the range of Q is ℓ(2m − 1)/2 ≤ Q ≤ ℓ(2m + 1)/2. This range of Q allows finite number ofN's to contribute to n g,m , N g m invariants. Thus we see that the large N expansion of the Chern-Simons free energy on Seifert manifolds obtained from surgery of torus knots of type (2, 2m + 1) can be given a closed string interpretation. The target Calabi-Yau space Y corresponding to the closed topological string theory must have the Gopakumar-Vafa integer invariants and closed Gromov-Witten invariants determined from Chern-Simons theory. So far, we considered only knots in standard framing. In the next subsection we address three-manifolds obtained from framed knots in S 3 .
Framed Knots
We have seen that the Chern-Simons partition function Z L(p, 1) ]. We present some of the non-zero coefficients
and the closed Gromov-Witten rational numbers can be deduced from the integer invariants.
In the appendix, we have theN R,g,Q for representations upto two boxes for the unknot with arbitrary framing. They will be useful to determine n g,m corresponding to Chern-Simons theory on Lens spaces L(2p, 1). In the following subsection, we will consider framed links.
Framed Links
We take Hopf link H * (p 1 , p 2 ) with linking number ℓk = −1 and the framing on the two component knots as p 1 = p 2 = 4. Surgery of such a framed link in S 3 will give Lens space L(15, 4). TheN (R 1 ,R 2 ),g,Q for this example is tabulated below These examples suggest that the trivial connection contribution to Chern-Simons partition function on various manifolds can be given a A-model closed string theory interpretation. From the prediction of Gopakumar-Vafa integer invariants it should be possible to determine the nature of the Calabi-Yau background.
Summary and Conclusions
We have studied U(N) Chern-Simons gauge theory and framed link invariants in S 3 , for specific choice of U(1) representations placed on the component knots of the link. From these U(N) framed link invariants in S 3 , we have constructed threemanifold invariants which are the same as SU(N) three-manifold invariants. In the weak coupling limit, these invariants are proportional to the trivial connection contribution to the Chern-Simons partition function Z It has been shown from the matrix model approach [20] that the Chern-Simons perturbative partition function around any non-trivial connection can be given a closed string theoretic interpretation. To be precise, the duality relates ChernSimons theory on Lens spaces L(p, 1) to closed string theory on a A p−1 singularity fibred over P 1 . The Gopakumar Vafa integer invariants that we have computed for
Lens spaces L(2p, 1) correspond to one of the Kahler parameters being non-zero in the closed string expansion. There are some subtle issues which need to be further addressed. The space of flat connections is a finite set of points for only rational homology spheres. For many manifolds, the space of flat connections may be connected leading to questions as to what is meant by a large N expansion around a trivial connection. We leave the study of these for a future publication. The negative framing (−p) BPS integers are related to the positive framing integers 
